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of Nonlinear Stochastic Models

K. Uosaki and T. Hatanaka

Department of Information and Physical Sciences, Graduate School of Information Science and Technology, Osaka University,
Suita, Osaka 565-0871, Japan
(Tel: +81-6-6879—7833; Fax: +81-6—6879-7836; Erfiadisaki, hatanaka@ist.osaka-u.ac.jp)

Abstract: Recently, particle filters have attracted attentions for nonlinear state estimation. In this approaches, a posterior probability distri-
bution of the state variable is evaluated based on observations in simulation using so-called importance sampling. We proposed a new filte
Evolution Strategies based particle (ESP) filter to circumvent degeneracy phenomena in the importance weights, which deteriorates the filte
performance, and apply it to simultaneous state and parameter estimation of nonlinear state space models. Results of numerical simulati
studies illustrate the applicability of this approach.
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1. Introduction applicability of this approach.
State estimation of dynamic systems using a sequence of their noisy
observations is ubiquitous in control system science. This prob- 2. Particle Filters
lem can be solved by a Bayesian approach, that is, inference on the consider the following nonlinear state space model.
unknown state can be performed according to the posterior prob-
ability distribution (pdf), which is obtained by combining a prior Tet1 = f(ok, k) €H)]
pdf for the unknown state with a likelihood function relating them Y g(xr, wi) 2)

to the observations. When observations come sequentially in time,

recursive state estimation, which evaluates the evolving posterior Wherez andy; are the state variable and observation, respectively,
pdf recursively in time, is often interested. However, the posterior ./ @ndg are known possibly nonlinear functions, andwy. are in-

pdf only admits an analytical expression for very restricted cases, dependently identically distributed (i.i.d.) system noise and obser-
including linear Gaussian state space models where well-known Vation noise sequences, respectively. We assumand wy are
Kalman filter [1],[17] can be applied. In many realistic problems, mutually independent. Problem to be considered here is to find the
state space models include nonlinear and non-Gaussian elementsbest estimate of the state variahlg in some sense based on the
that preclude a closed form of expression for the optimal state es- all available data of observations.x = {y1,y2,...,yx}. We can
timate and that many approximations have been proposed such as Solve the problem by calculating the posterior pdf of the state vari-
the extended Kalman filter (EKF) and Gaussian sum filter [12],[9]. @blex;. of time instantk based on all the available data of observa-
By the recent progress of computing ability, “particle filtering,” a  tion sequence; ...

simulation-based method for Bayesian sequential analysis attracts he posterior pdip(z|y1:x) of z) based on the observation se-
much attentions. In this approach, the integral in Bayes’ rule is duencey..; satisfies the following recursion:

approximated by a weighted sum based on the discrete grid sequen-
tially chosen by the importance sampling and the estimates are ob- p(zklyLe-1) = /p(”’“|xk*1)p(“*1‘yhkﬂ)dmk*l
tained based on corresponding importance weights [5], [2]. A com- (Chapman-Kolmogorov equation) ©)
mon problem in the particle filter is the degeneracy phenomenon, , Y1

i P ’ Y P p(wxlyx) = plyrle)p@elyrie-i) (Bayes’rule) (4)

where almost all importance weights tend to zero after some itera- P(Yrlyr:e—1)
tion. Hence, a large computational effort is wasted to updating the
particles with negligible weights. In order to resolve this difficulty,
several modifications have been proposed such as resampling parti-
cle filter (SIR) [10] introducing a selection a resampling steps and
Evolution Strategies based Particle Filter (ESP) [19] introducing the
concept of Evolution Strategies [16], an Evolutionary Computation  gepends on the likelihoge(yx |2+ ), which is determined by the ob-
approach. In this paper, the ESP filter is applied to simultaneous seryation equation (2).

state and parameter estimation of nonlinear state space models. Nu-sjnce a closed form solution is not admitted except in very restric-
merical simulation studies have been conducted to exemplify the tjye cases such as linear Gaussian state space models, where the
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for the Promotion of Science (C)(2)14550447. imations should be introduced. The most popular approximation

with a prior pdfp(zo|yo) = p(xzo) of the initial state variable:.
Here normalizing constant

P(Yklyre—1) = /p(yklwk)p(wklyl:k—l)dm




approach is the extended Kalman filter (EKF) [12],[9]:

@k\k—l - f(@k—l\k—ﬁ
Pupor = AP Af qpq +Q

T = Zwk—1 + Ke(ye — 9(&kp-1)) 5)
Pyp = (I —KiCr)Prji—1

Ki = PypaCr(CrPyp1Cr +R)!

i = 4@

dx w=8g_1|h_1
6 = B2
-

This is applicable to nonlinear models with additive Gaussian noise
and uses a linearization technique based on a first order Taylor ex-

pansions of the nonlinear system and observation equations about

the current estimate. However, it approximates the posterior pdf
to be Gaussian. If the true density is non-Gaussian, then a Gaus-
sian can never describe it well. In such cases, approximate grid-
based filters and particle filters will yield an improvement in per-
formance. They approximate the true posterior pdf with the fol-
lowing weighted empirical distribution of a set af>> 1 samples

{x(’) (¢ = 1,...,n)} called as particles or discrete grids with
associated importance weighfs\”, (i = 1,...,n)},w’ >
(%) _
0, E?:l wy, =1,
p(zk|y1r) ~ sz)é xkfxz)) (6)

whered(+) is a function such that(z) = 1 for x = 0 andd(z) =
otherwise.

q(zr—1|y1:x—1) with the new state sampled froiz |zr—1, y1:x).
Noting that the posteriori pdf can be rewritten using Bayes’ rule as

p(YrlTr, Y1:o—1)P(Tk|y1:0—1)

p(klyie) =

p(yrly1:k—1)
_ p(yk‘xlmylzk—l)p(xkh?kfhylzk—l)p(mk_dyl:k_l)
p(yk|y1:k71)
o p(ykloe)p(@r|zr—1)p(Tr—1]y1:6-1) (11)
we have
o m%mmm(>w“>mﬁlwul>
k
q(z | 17y1k)Q($k71\y1:k71)
i IO
i pyk|x )p(l’k |$k— )
o = (12)

q(z )|.Tk 15 Y1 %)
The particle filter with these steps is called “Sequential Importance
Sampling Particle Filter” (SIS).

It is known that the SIS filter suffers from the degeneracy phe-
nomenon, where all but one of the normalized importance weights
are very close to zero after a few iterations. By this degeneracy, a
large computational effort is wasted to updating trajectories whose
contribution to the final estimate is almost zero. In order to pre-
vent this phenomenon, several modifications have been introduced.
Among them, resampling process is used often. Its idea is to elim-
inate trajectories whose normalized importance weights are small
and to concentrate upon the trajectories with larger weights. It in-
volves generating new grid poim$;<i) (i =1,...,n) by resam-
pling from the grid approximation (6) randomly with probability

w

Pr(z; " = 2}) =

(13)

and the weights are resetmz“) = 1/n. The choice of resampling

Here, the particles are generated and associated weights are chosens done by using some criterion such as the effective sample size

using the principle of “importance sampling” [6]:
Supposep(z) «x 7(z) is a pdf from which it is difficult to draw
samples, but for whichr(x) can be evaluated (and $gz)). Let

z® (i=1,...,n) be samples that are easily generated from a pdf
g(x), called an |mp0rtance density. Then a weighted approximation
to the density(z) is given by

z) =~ Z w8z — ™) (7)
i=1
with the normalized weight of theth particle
()
o . mz)
TEI)) (®)

So, if the sampleﬁ(’) in (6) were drawn from an importance den-
sity g(x}, (©) |y1.x), then the associated normalized weights are defined
as by (8) to be

(@ ly1x)
a(@lyix)
If the importance density(z|y1:.—1) is chosen to factorize such
that

wl?

9)

q(zkly1:k) = ¢(@r|Tr—1, y1:6)q(Tr—1]Y1:80—1). (10)

Then we can obtain sample@ by augmenting each of the

existing samplewg,@1 sampled from the importance density

Neyy introduced in [14],

n
Negy = P (14)
1+ COVa( g (wi(z))))
whose estimate is given by
- 1
Netr = =5 (15)
Zi:l(wl(c ))2

with the associated normalized weigdnf?. This indicates how
many samples in the particle cloud that actually contribute to the
support of the pdf approximation. We can resample if the effective
number of samples is less than a predefined threshoid.. <

1. Particle filter with this resampling process is called “Sampling

Importance Resampling Particle Filter” (SIR) [5], [2].

3. Evolutionary Computation and Evolution Strategies
Based Particle Filter

A novel particle filter called Evolution Strategies Based Particle
(ESP) filter was proposed to prevent the degeneration in SIS fil-
ter [19], by recognizing the similarity and the difference between
the importance sampling and resampling processes in SIR filter
and evolution processes in Evolution Strategies (ES) originated by
Rechenberg and Schwefel [16]. In this section, they are briefly re-
viewed.



3.1. Evolutionary Computation chosen depending the population sizpt]. In this approach, small
Evolutionary computation approach is a computational model of variations are much more frequent than larger variations, expressing
natural evolutionary processes as key elements in the design and the state of affairs on the phenotypic level in nature.

implementation of computer-based problem solving systems. A va-
riety of evolutionary computation approaches such as ‘Evolutionary
Programming’ (EP) [8], ‘Evolution Strategies’ (ES) [16], ‘Genetic
Algorithm’ (GA) [11], and ‘Genetic Programming’ (GP) [15] have

3. Selection

This is the completely deterministic process choosing the individ-
uals of higher fithess out of the union of parents and offspring or
offspring only to form the next generation in order to evolve to-

been proposed and studied. Extensive survey and comments arewards better search region.

given in [4],[3],[7]. The common conceptual base is simulating the
evolution of individuals (candidate solutions) via processes of se-

e (1 + X)-selection
This creates\ offspring fromy parents and selected thebest

lection and perturbation. These processes depend on the perceivedindividuals out of the union of parents and offspring.

performance (fitness) of the individuals as defined by the environ-
ments.

Evolutionary computation approach maintains a population of
structures that evolve according to rules of selection and other op-
erators, such as recombination and mutation. Each individual is
evaluated, receiving a measure of its fithess in the environrSent.
lection (reproduction) focuses attention on high-fitness individuals,
thus exploiting the available fithess informatio®ecombination
(also refer to asrossover) and mutation perturb those individu-
als, providing general heuristics for exploration. Here we explain
Evolution Strategies (ES) briefly. ES is developed by Rechenberg
and Schwefel [16] to solve hydrodynamic problems. It is applied
to continuous function optimization in real-valueddimensional
space. Mutation is applied more often to the solution rather than
crossover. The simplest method can be implemented as follows: Let
x® = (2" ...2) e R, (k=1,---, ) be each individual

in the population.

3.1.1 Generation of initial population

We generate an initial population of parent vectfrs®, (k =

1,---,u)} randomly from a feasible range in each dimension.
3.1.2 Evolution operations

1. Crossover
This process allows for mixing of parental information while pass-
ing it to their descendants. A typical crossover rule is

a; =ws;+x - (xr; — Ts;) (16)

where S andT" denote two parent individuals selected at random
from the population ang; € [0, 1] is a uniform random or deter-
ministic variable. The indey in z/; indicates;-th component of
new individuals. This is a similar operator used in differential evo-
lution [18].
2. Mutation

This process introduces innovation into the population. It is real-
ized by following additive process,

ajexp(T'N(0,1) +7N;(0,1)
z; 4+ ojN;(0,1)

!
0j

"
J

T

(17

Here,N (0, 1) denotes a realization of normal random variable with
mean and unit variancé/; (0, 1) denotes random variable sampled
anew for countey of normal random variable with mean and unit
variance an@; denote the mean step size. The factoendr’ are

o (p, \)-selection
This creates\ offspring fromy parents and selected thebest
individuals out of offspring A > u).

3.2. Evolution Strategies Based Particle Filter

It can be seen that SIR and ES have similarities; both the impor-
tance sampling process in SIR filter and mutation process in ES
give perturbation to the parent individuajgl1 with extrapolation

by f(a:}fll), and both resampling process in SIR filter and selec-
tion process in ES selects offspring among the perturbed individu-
als. However, there is a difference between them, i.e., resampling
in SIR is carried out randomly and the weights are reset/as
while the selection in ES is deterministic and the fithess function is
never reset. Hence, by replacing the resampling process in SIR by
the selection process in ES, we have derived a new particle filter as
follows.

Based on the particle&:,(jl1 (¢ 1,...,n) sampled
from the importance density/(zx—1|y1.6—1), we generatel

(9 (j = 1,...,) sampled from the importance density func-

tion g(zx|z!” |, y1.1). Corresponding weights'"? are evaluated
by

T

(,d) _ (3) p(yklw,(:’”)p(xf’_]f\xﬁl)
Wk = Wk 0.9 [ ()
(" |2y, yre)

i=1,...

n,j=1,...,¢ (18)
From the set ofn/ particles and weightgz("" (", (i =
1,...,mn, j = 1,...,£)}, we choosen sets with the larger
weights, and set as\”,w(”(i = 1,...,n). This process cor-
responds to(n,nf)-selection in ES. Hence, we call this parti-
cle filter using (n,nf)-selection in ES as Evolution Strategies
based particle filter Comma (ESP(,)). When we add the par-
ticles 2" = f(z{")), (i = 1,...,n) in addition to n¢
1,...,n, 7 = 1,...,¢) sampled from the impor-

x;:’j), (i =
tance density functioq(:z:k\xﬁl, y1:x) as above and evaluate the
weightsw"” (i = 1,...,n,j = 0,...,£) by (18), and then
choosen sets of (z\”, w{"") with larger weights from the or-
dered set of(¢ + 1) particles{z\"?, w{"?
0,...,¢)}, we can obtain another ESP filter. Since this ESP filter
uses the selection corresponding(to+ n/)-selection in ES, we
can call this filter as Evolution Strategies based particle filter Plus

(ESP(+)). The algorithms are summarized in Fig.1.

a(i:17"'7n7j:



Procedure ESP

- N
For k=0
i=1,...,n, sample méi) ~ q(zolyo);
i=1,...,n, evaluate the weight
wl? = (ko (e /aaS o)
For k> 1
1=1,.
set z\" °> = ("))
j=1,....¢
sample 50,(:‘” ~ q(xk\:ck L YLk);
i=1,...,n and j=0,1,...,¢
evaluate the weight
Gy @ @ (yk|x< ”) (@ lei),)
w, " = w .
a@ 2 )
Sort the set of pairs {x(” ) fj’” (i=1,
'7n’j 29717"'76)}
by the size of  w!"” in descending
order.
Take the first n z{” from the ordered
set {z\", "}
i=1,...,n, normalize the weight
w0 w.
Let p(arlyir) ~ S0, By 6(xx — )
\_ /

Fig. 1. Algorithm for ESP filters. ESP(+): with the underlined part;
ESP(,): without the underlined part

4. Simultaneous State and Parameter Estimation by
Evolution Strategies Based Patrticle Filter
The ESP filter is applied here to simultaneous state and parameter
estimation of nonlinear systems. Consider the nonlinear state space
model (1) with unknown parameté@iand (2), where a posteriori pdf
p(zk, 0ly1:x) should be approximated to estimate state and param-
eter simultaneously, Application of Bayes’ rule (4) provides

P(Trr1, Olyret1) o p(yksi|Tes, O)p(ry1|6, yier1)

xp(0ly1:k+1)
Since the form of the theoretical pg{6|y:.x) is not known for
unknown parameter case, we replédey ;. at timek, and simply
includedy, in an augmented state vector = (xy, Gk)T, wheref,,
evolves as
Okt1 =0k + i (19)

andn;, is a normal random disturbance with zero-mean and very
small variance. Then approximation of the true posteriori pdf is

given by
~ 3wl

in (20) were drawn from an importance density

Xk|y1 k X;@) (20)

If particlesx "

a(x o

>|Xk LYLk) = QI(ﬂfk |xk 50 yLk)

xqo (02,00 i) (20)

with importance densities fog, and 6, qz(az:,c |fEk b 9,(5)1,

y1:x) @andge (H(Z)bck 1,0,(6 9 1» Y1:x), and the associated normalized
weights are evaluated by

(yk‘xk> 9( ))
qo (012,057 yr)
pla, 0 1, 0)
qo (Gl(sl) “T;clzh 9[?117 yl:k) .

wl?

X Wy

(22)

Then, the SIS, SIR and ESP filters are defined as above.

4.1. Numerical Examples

Numerical simulation are carried out to exemplify the applicability
of the proposed ESP filter. First, we consider the following nonlin-
ear state space model

Th—1 O0xy_1
T = =5 Tw%_l+8cos(1.2k)+’uk
= f(zr-1,0) + vk (23)
2
Y = % + wg (24)

wherev, andwy are i.i.d. zero-mean normal random variables
with variance 10 and 1, respectively, and value of the parameter

is known to be 25. The normal distribution with meﬁﬁmgl) and
variance 10 is chosen as the importance denﬁ{wwﬁl, Yiik)-

A sample behavior of the true state and corresponding observation
processes is shown in Fig.2. Sample paths of the estimates by the
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Fig. 2. Sample behavior of state and observation processes

particle filters (SIS«% = 200), SIR (» = 100, N.ys = 50), and the
proposed ESP(, (= 100, ¢ = 2)) and ESP(+)#% = 100, ¢ = 1))
are given in Fig.3, and that of EKF as well for comparison. Particle
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Fig. 3. Sample paths of state estimates (solid line: estimate,
dashed line: true state)

filters, especially SIR and proposed ESP filters, show well behav-
iors in nonlinear state estimation, while the estimate by EKF cannot
follow the true state.

Figure 4 shows the 2-dimensional plots of squared errofs at
1000 and processing time [s] untk = 1000. ESP filters show
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Fig. 4. Squared estimation errors and processing time (triangle:
SIS, box: SIR, star: ESP(,), diamond: ESP(+))

similar performance as SIR both in squared estimation errors and
processing time, and their fluctuations are smaller than SIR. It im-
plies that ESP filters are more stable than SIR.

Next, we consider the unknown parameter case where the true
value of ¢ 25 in (23) is not known. Here, only the re-
sults by ESP(,) with the importance densitiggz\” |2 |, 0" |
yiw) ~ N(f(zy?,, 65 )10

%_1,10) and q9(01(j)‘x§:71» ho1sYLik) ~
J\/'(G,(Ql, 0.01) are shown in Fig.5 since the EKF does not work as
before. Though the estimate approach to the true ones, the con-
vergence speed is slow and the filter leaves much for improvement.
For examples, better choice of design parametersV.;; and ¢

and choice of evolution operations should be pursued since the es-
timation performance, of course, depends on the choice of them.

5. Conclusions
The novel particle filter, which was developed by recognizing the
similarity and the difference between the importance sampling and
resampling processes in the SIR filter and mutation and selection
processes in ES and substitutifyg \)-selection in ES into resam-
pling process in SIR, is applied to simultaneous state and parameter
estimation of nonlinear state space models. It works stably and pro-
vides small mean square errors compared to EKF filter. Application
of other evolution operations such as crossover and modification of
mutation will have the potential to create much higher performance
particle filters.
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