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Abstract: This paper presents a data-based stability analysis of a MIMO linear time-invariant discrete-time system, as an extension of the
previous results for a SISO system. In the MIMO case, a similar discussion as in the case of a SISO system is also applied, except that
augmented input and output space is considered whose dimension is determined in relation to both the orders of the input and output vectc
and the numbers of inputs and outputs. As certain subspaces of the input and output space, both output data space and closed-loop data sy
are defined, which contain all the behaviors of a system, respectively, with zero input in open-loop and with a control input in closed-loop.
Then, we can derive the data-based stability conditions, in which the open-loop stability can be checked by using a data matrix whose colum
vectors span the output data space and the closed-loop stability can also be checked by using a data matrix whose column vectors span
closed-loop data space.
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1. Introduction introduced in the framework of the data space approach [2], [6].
Inthe field of system and control theory, it has been long and widely |, the present paper, we will extend the previous results of the
accepted that thenodel-basgd approaehor equwalently thepa- data-based stability analysis for a SISO system to the case of a
rameter space approachwhich employs a mathematical model  |inear time-invariant multiple-input and multiple-output (MIMO)

such as a transfer function, state equation, or kernel representa- giscrete-time system. A similar discussion as in the case of a SISO
tion as the system representation, is the most effective, reliable, and system can also be applied to the MIMO case. First, we consider an
well-established method for control system analysis and design. In input and output spacas a linear vector space, whose dimension is
this approach, the mathematical models can be obtained generally getermined in relation to both the numbers of inputs and outputs and
in two different ways: either by the analytical formulation from first  he orders of the input vector and the output vector. In addition, the
principles, e.g., physical or chemical laws, or by the identification  pqtions of output data space and closed-loop data space are defined
from the experimental input and output data. as certain subspaces of the input and output space, which contain
The original motivation of the present study is as follows: When the all the dynamic behaviors of a system, respectively, with zero input
input and output data is the only information available from a sys- in open-loop and with a control input in closed-loop. Then, the sta-
tem, with no knowledge about the physical or chemical laws of its  bility of the system can be checked by examining how an arbitrarily
governing dynamics—which is common in practice, then there isno given initial point behaves on the data space. In order that, in the
inevitability that a mathematical model must be identified from the framework of the Lyapunov’s second method, we derive both open-
input and output data to analyze or design a control system. In other loop and closed-loop versions of the data-based stability conditions,
words, the parameter space approach is not a uniqgue method, andin which the open-loop stability can be checked by using a data ma-
further it is possible that there exists another approach that does not trix whose column vectors span the entire output data space, and
need to involve any mathematical models. From this consideration, the closed-loop stability can also be checked by using a data matrix
as an alternative to the parameter space approach, the authors havevhose column vectors span the entire closed-loop data space.
proposed thelata space approacfor stability analysis and control

. . . . . . ; Throughout this paper, all the discussions are made upon the fol-
design of a linear time-invariant discrete-time system [1], [2]. g pap P

lowing assumptions:
In the data space approach, a set of the input and output data, which

provides the necessary and sufficient information about the dynamic o The system under consideration is a finite dimensional linear

behavior of a system under certain condition, e.g., persistent exci- time-invariant discrete-time system.

tation, is solely and directly used to analyze or design a control e When the dynamics of the system considered in the above as-
system. Furthermore, in this approach, it is possible to deal directly sumption is described as an input and output vector difference
with the uncertainties in data, which is mainly caused by noise. equation, the orders of the input vector and output vector are
The basic idea of the data space approach was first introduced by the known in advance.

second author and his colleagues, and preliminary results have been e all the input and output data are noise-free.

reported in [3], [4]. In the recent papers, the authors have intro-

duced the data-based stability conditions for a linear time-invariant The following notations are used: for a subsp&c6' denotes the
single-input and single-output (SISO) discrete-time systems in both orthogonal complement &, and for a matrixM, M, denotes a
open-loop and closed-loop operations [1], [5]. In addition, by us- matrix of full column rank such tha? M, = 0. R is the set of real
ing the data-based stability condition for closed-loop systems, the numbers, andN is the set of non-negative integets. denotes the
data-based design method of stabilizing controllers has also been n-dimensional identity matrix.



2. MIMO Linear Time-invariant Discrete-time Systems

In this section, we will examine how a dynamic behavior of a lin-
ear time-invariant discrete-time system with multiple outputs and
multiple inputs can be described in the data space.

Let us first define the output vectptk) € RN and the input vector
u(k) € RM, which consist oN outputs andV inputs respectively,
as

1)
)

y(k):{yl(k) y2(K) yn(K) ]T, keN

0l =[ Wk (k)

wherey; (k) (i = 1,2,--- ,N) denotes thé&-th time instant data of
thei-th outputy;, anduj(k) (j = 1,2,--- ,M) denotes thé-th time
instant data of thg-th inputu;. Then, we consider a bahavior of

a linear time-invariant discrete-time system wihoutputs andV
inputs, which can be described by using an input and output vector
difference equation as

um (K) ]T, keN,

y(k4+n) +An_1y(K+n—1) +--- + Ay y(k+1) + Agy(K)

=Bmu(k+m)+---+Bju(k+1) +Bou(k), keN, 3)
where Aj € RVN (i = 0,1,---,n—1) and Bj € RNVM(j =
0,1,---,m) are constant matrices defined as

_ai(l,l) &(1N)
Ai: , i:07:|_’...7n_]_7 (4)
L &i(N,1) &(N,N)
bj(1.1) bj(1.m)
ITOEY Bj(nm)

In (3), without loss of generality, the coefficient matrix of the high-
est order term of the output vector is assumed tdll#imensional
identity matrix. In addition, we assume th&, is not a null matrix
and bothAg andBg are not null matrices at the same time, thren
andm denote respectively the orders of the output vector and the
input vector, with satisfyingn > m.

Next, let us consider th@put and output spacB, defined as

D— R(n+l)N+(m+l)M7 (6)

where the dimension of the input and output space is denoted as
0 :=dimD = (n+1)N+ (m+1)M. Here, if we introduce a set

of data vectorsi(k) € D, each of which consists of bottm + 1)
consecutive output vectors arfich+ 1) consecutive input vectors,
defined as

A2 [yl T - y(0T | utktmT - ukT] ke N, ()

then the input and output vector difference equation in (3) can be
rewritten as
eTdk) =0,

keN, (8)

where

. T
e:[ In AT, A | -8, —By ] eRIN. (9)

From (8), it is easily seen that the degrees of freedom of the data
vectord(k) are restricted by independent constraints imposed by

©. Therefore, all the data vectodgk), k € N satisfying (8), i.e.,
all the behaviors of (3), have to reside in a certain subspa€®, of
defined as

Do2{deD|de (span(®})*}, (10)

where the dimension dD, is denoted agh(= dimDg =0 —N =
nN+ (m+1)M). We callD, the open-loop data spacevhich can
serve as the system representation in the data space.

3. Data-based Stability Condition for Open-loop Systems

In this section, we derive a stability condition that enables us to
test the open-loop stability of a MIMO system by using a set of its
output data only.

3.1. Output Data Space

First, let us consider a behavior described by an output vector dif-
ference equation as

y(k+n)+An_1y(K+n—1)+---+Agy(k) =0,

which corresponds to the zero-input dynamics of the system as in
(3). To examine the behavior of (11), let us introduce a setgput
data vectors ¢(k) € RN, each of which consists dfi+ 1)
consecutive output vectors, as

keN, (11)

T,

Then, the output vector difference equation in (11) can be rewritten
as

dy(k) 2 {y(k+n)T y(k+n—1)T ... keN. (12)

©y dy(k) =0, keN, (13)

where

.
oy=[In A, A eRMEINAN g

From (13), it can be easily seen that the degrees of freedom of the
output data vectady (k) are restricted bil independent constraints
imposed by®y. Therefore, all the output data vectakgk), k € N
satisfying (13), i.e., all the behaviors of (11), have to reside in a
certain subspace, called thaetput data spaceas

Dy £ {dy e R™N | dy € (span(ey} )" }, (15)

where the dimension @y is denoted asy(=dimDy = (n4+1)N—
N =nN).
Next, let us consider a set of time instants as

Ky:{kl, k27 ”'7k0'y}CN7

whose elements indicate aoy time instants that need not neces-
sarily be consecutive. Then, we introduce @utput data matrix
Wy (Ky) € RMDNX0 whose columns arey output data vectors
of (12) at the time instants iKy, as

WKy 2 [dylka) dyle) o dylkoy)

Now, let us suppose that, for an arbitrary kg, the column vec-

tors of Wy (Ky) are linearly independent or, equivalently, span the
whole output data space, i.span{Wy(Ky)} = Dy. Then, the set

of the column vectors oy (Ky) forms a basis oDy, hence we

call Wy(Ky) as a basis matrix of the output data spageand de-

note it asWy. Since the basis matri¥y contains the necessary and
sufficient information about the dynamic behavior of (11), it is pos-
sible to investigate the system’s characteristics such as open-loop
stability by usingty.

(16)

7)



3.2. Data-based Open-loop Stability Condition

To see more effectively how the output data vector of (12) behaves
in the output data space, we consider an equivalent system repre-
sentation to (11) as

x(k+1) = Ax(k)

keN,
y(k) =Cx(k)

(18)

where the vectok(k) € R% corresponds t@ consecutive output
vectors as

-

Xk =[ yk+n-1T yk+n-2T - yKT |, @9

and the matrices € R%*% andC € RN*% are given as

—An_1 A1 Ao
In 0

A= ) (20)
0

c:[ 0 0 In ] (1)

Now, let us consider a data matdX Ky) € R%*%, which consists
of gy vectorsx at the time instants iiKy, as

O(Ky) =[ xla) xbo) o xkg) |- (@2

In addition, for another set of time instants, which is one time-step
forward-shifted version of the séty, as

Kit={ki+1 ke+1, - kg +1}CN, (23)
let us consider a data matr'iu(K)Tl) € R%*% as
o(KJY) :[ X(ki+1) X(kp+1) - X(kg,+1) } . (24)

Then, another expression for the constraints on the output data vec-
torsy(k), k € N is given as

O(Kj)

o(Ky) |~ o

[1on —A] (25)

From this, we have the relationship between the data matrices
[ d(KyHT d(Ky)T T and the output data matriky(Ky) in (17)
given as

(Ky )
D(Ky)
where0 denotes amN x N null matrix.

From these settings, we provide a data-based open-loop stability
condition for a MIMO linear time-invariant discrete-times system
as follows:

(26)

Theorem 1. The following statements are equivalent.
1) The syster(il8) has an asymptotically stable equilibriun=.

2) For all the behaviors ¢k) # 0, k € N that satisfy(18), there

exists a positive definite symmetric matrig R%*% such that
X" (k+1)Px(k+1) —x" (k)Px(k) < 0. (27)

3) For a basis matrix¥y of the output data spaddy, there exists
a positive definite symmetric matrixdPR%*% such that

Yy, <0. (28)

Proof. Sincel) < 2) is obvious, only2) < 3) is shown here. First,
(27) can be rewritten as

P O

0 -P

Then, the conditior?) is equivalent to that, for all the behaviors
[xT(k+1) xT(k)]T #0, k€ N that satisfy

[xT(k+ 1) XT(K) ] X(k+1)
x(k)

<0. (29)

['nN —A] XE('E;)” —0, KkeN, (30)

there exists a positive definite symmetric matRixthat satisfies
(29). Furthermore, from (29) and (30), an equivalent condition is
obtained by Finsler's lemma [7] as

[ -],

Here, since the matrikloy —A ] € R%*2% has the rank oby,
the rank of[ Iny —A], is gy. Hence, from (25) and (26), the
following relation holds:

sar [ 4], } -

As a consequence, (31) and (28) are equivalent, h2nee 3) is
proved. O

P 0

['”N *AH 0 -P (31)

(32

In Theorem 1, the conditioB) is one of the main results of this
paper, which enables us to check the open-loop stability of a MIMO
linear time-invariant discrete-time system—without involving any
information on the parameters &by using only a basis matrix

W, of the output data spad®y, i.e., a set of the experimental output
data.

From now on, let us briefly examine how we can construct a basis
matrix Wy from a set of the output data, which is generated from
experiments as a zero-input response of the system. In a MIMO
system, unlike the case of a SISO system, it is not always possi-
ble to obtain the set of the output data, which has enough degrees
of freedom to construct a basis matH, i.e., a set ooy linearly
independent output data vectors, from the experiments for a sin-
gle well-chosen initial condition. However, in general case, we can
obtain an extensive set of the output data by operating multiple ex-
periments foroy linearly independent initial conditions.

In order that, let us consider a setaf linearly independent initial
conditions as

Xo={ x1(0), x(0), %g,(0) }.

Now, if we operateoy-time experiments with respect to each initial
conditions inXg, then a set of data vectors is obtained as follows:

(33)

{ %1(0), A% (0), -+, A4 (0) | %(0), A%(0). -+, A 2xy(0) |

...... )(Cry(O)7 A)(ay(O)7 e Afcry*]-xgy(O) }, (34)

wherer; (i =1,2,--- ,0y) denotes the number of linearly indepen-
dent data vectors that can be obtained with respect to each initial
conditionsx; (0) (i =1,2,---,0y). Since, in the set of data vectors

in (34) there exisoy linearly independent data vectors except for
such initial data vectors (0) (i =1,2,---,0y), it is possible to ob-
tain a basis matrixy.



4. Data-based Stability Condition
for Closed-loop Systems

In this section, we derive a stability condition that enables us to test
the closed-loop stability of a controlled MIMO system by using a
set of its input and output data only.
4.1. Closed-loop Data Space
Let us first reconsider the behavior of a MIMO linear time-invariant
discrete-time system to be controlled as

Y(ktn) +An-1Y(ktn—1)+---+ A1y (k+1) + Aoy (k)

= B O(k+m) + -+ By O(k+1) + Boli(k), keN.  (35)

Next, we also consider a dynamic controller, which feeds the out-
puts of (35) back to generate the control input, as

G(k+m)+Dp_10(k+m—1)+---+Dy0(k+1) 4+ Do G(K)

=Cn_19(k+n—1)+---+C1 9(k+1) +Co¥(k), keN, (36)

where the coefficient matric& ¢ RM*N (i = 0,1,--- ,n—1) and
Dj e RM*M(j=0,1,---,m- 1) are constant matrices defined as

-Ci(l,l) Ci(1,N)
Ci: ) i:O717"'7n_17 (37)
1Gi(m,1) Gi(m,N)
diwy djcam)
Dj = 5 : , j=01-.- m—1 (38)
[djm.) dj(m.m)

Here,Gi(i =0,1,---,n—1) andDj(j = 0,1,--- ,m—1) are as-
sumed to be given for stability test. Note also thekt) € RN and

(k) € RM are introduced to denote the closed-loop output and in-
put vectors respectively, which are generated by satisfying (35) and
(36) simultaneously, in order to distinguish them from the open-
loop output and input vectosgk), u(k).

Now, if we consider a set alosed-loop data vectoﬁ(k) € D, each

of which consists of bott{n+ 1) consecutive closed-loop output
vectors andm+ 1) consecutive closed-loop input vectors, defined
as

&(k)é[y(k+n)T )Tk m)T AT " keN, (39)

then the input and output vector difference equations in (35) and
(36) can be rewritten as

or| .
+|d(k)=0, keN, (40)
G)C
where@ is given as in (9) and
i T M
ec:[o —CT, - —CT il Df, - DH e RIM,
(41)

From this, it is easily seen that the degrees of freedom of the closed-
loop data vectorsi(k) are restricted byN + M) independent con-
straints imposed b® and®.. Therefore, all the closed-loop data
vectorsof(k)., k € N satisfying (40), i.e., all the behaviors of the
closed-loop system ((35) and (36)), have to reside in a certain sub-
space oD, called theclosed-loop data spacas

Dc2{deD|de (span{[© O]} )" }. (42)

where the dimension dD. is denoted ag;(=dimD¢ =0 — N —
M =nN+nM).
Next, let us consider a set of time instants as

Kc={ki ko, -+, kg, } CN, (43)

whose elements indicate awy time instants that need not neces-
sarily be consecutive. Then, we introducel@sed-loop data matrix
We(Ke) € R9%%, whose columns are. closed-loop data vectors
of (39) at the time instants iK¢, as

We(Ko) 2 [dlka) dike) -+ dikay) |-

Now, let us suppose that, for an arbitrary kgt the column vectors

of W¢(K¢) are obtained to be linearly independent or, equivalently,
span the whole closed-loop data splxe Then, the set of the col-
umn vectors of¥¢(K¢) forms a basis oD.. Therefore, we call
such data matriX’c(K¢) as a basis matrix of the closed-loop data
spaceD¢ and denote it a¥c. Similarly to the open-loop case, since
the basis matriX/; contains the necessary and sufficient informa-
tion about the dynamic behavior of the closed-loop system consists
of (35) and (36), it is possible to investigate the closed-loop stability
by usingWc.

4.2. Data-based Closed-loop Stability Condition

To see how the closed-loop input and output vectors, which satisfy
(35) and (36) simultaneously, behave in the closed-loop data space
D¢ as in (42), we consider an equivalent system representation to
(35) and (36) as

Ecxe(K+1) = Acxe(K)
{9('0
a(k)

(44)

, keN, (45)

=Ccxc(K)

wherexc(k) € R% denotes a vector, which consists of bothon-
secutive closed-loop output vectors anatonsecutive closed-loop
input vectors, as

xo(k) =[ Jktn-1T gln-2)T - JRT |

a(k+m-1)T  Q(k4+m-2)T alk)" T, (46)

and the matriceE, A € R%*% andC, € RIN*M)x0 gre given as

[N —Bm 0---0 ]
(0]
E= L. (a7)
N
(0]
- IN -
[—An_1 A1 —Agi Bmo1 By Bo ]
IN 0
5 (0]
B In O
Pe= Cn-1 Ct Co {—Dma —D1 —Do
IN 0
0] :
L IN 0 |
(48)



CC—{O © 0 N[O - 0 0 } 49) 5. Conclusions

o .- 0 O 0 -~ 0 In In the present paper, as an extension of the previous results for a
SISO system, we have developed both open-loop and closed-loop
versions of the data-based stability conditions for a MIMO linear
time-invariant discrete-time system, which do not need to employ
Bc(Ke) = [ Xe(ki)  Xc(ka) - Xe(Kay) } - (50) any mathematical models.

Throughout the paper, a similar discussion as in the case of a SISO
system is carried out. However, as a more general case of a MIMO
system, we also need to pay attention to the case when the orders of

Now, let us consider a data mathe (K¢) € R%*%, which consists
of ac vectorsxc at the time instants iKK¢, as

In addition, for another set of time instants, which is one time-step
forward shifted version oK, as

KCH ={k+1 ket -, ko +1}CN, (51) the output vector and the input vector in each equations of a vector
let us consider a data matrix (K1) € R%*% as difference equation are not identical. This issue will be dealt with
later in another paper.
Pe(KH) :{ Xe(ki+1) Xc(ko+1) -+ Xe(kg,+1) } . (52
Then, ar_10ther expressioP for Ehe constraﬁnts.on the closed-loop out- References
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Theorem 2. The following statements are equivalent.
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Proof. Since the matriE. in (45) is nonsingular, we have
Xo(k+1) = E¢ tAcxc (K). (57)
Therefore, it can be proved in similar way to that of Theorem @

The condition3) in Theorem 2 is another main result of this paper,
which enables us to check the closed-loop stability of a controlled
MIMO system—uwithout involving any information on the parame-
ters of Ec andAc— by using only a basis matri%. of the closed-
loop data spac®, i.e., a set of the closed-loop input and output
vectors. Also, in a similar way to the open-loop case, it is possible
to obtain a basis matri¥c.



